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Problem Description

This example addresses a circular cavity with radius r0 embedded in a full-plane subjected to a radial
pressure p(t) (Fig. 1). The full-plane is assumed to be elastic, homogeneous, isotropic, without material damping which stretches to infinity and it is modeled with the help of the Scaled Boundary Finite
Elements (SBFE). Plane-strain condition is considered. Load is in a form of a triangular impulse and
applied on the cavity wall (Fig. 1b). Radial displacement response of the cavity wall has been computed
and compared to the analytical solution.
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(b) Pressure load
(a) Circular cavity embedded in a fullplane

Figure 1: Problem Definition
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Reference Solution

This problem is essentially a one dimensional problem which has an analytical solution [1]. The forcedisplacement relationship for this problem in frequency domain is given by
P(ω) = S∞ (ω) · r (ω) ,

(1)

where ω = 2πƒ represents the circular frequency, P(ω) is the total force applied on the cavity wall,
r (ω) is the radial displacement and S∞ (ω) is the dynamic-stiffness coefficient.
The dynamic-stiffness coefficient for this particular problem has an analytical expression and it reads
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G0

shear modulus,

ν

Poisson’s ratio,

ρ

mass density,

cs =

p

G/ ρ
p
cp = cs (2 − 2ν)/ (1 − 2n)

shear wave velocity,

0 = ωr0 / cp

dimensionless frequency,

λ = 2/ (2 − α)

coefficient,

α

non-homogeneity parameter of elasticity (α = 0 for the homogeneous case),
(2)

Hk

F=

P-wave velocity,

the second kind Hankel function of the order k,

v
u
t

(λ − 1)2 − λ2

ν(α + 1) − 1
1−ν

order of the Hankel function.

The static-stiffness coefficient K ∞ is used to non-dimensionlize displacement response
K∞ =

2πG0
1 − 2ν

h
i
q
· α(1 − ν) − 2ν + (α(1 − ν) − 2ν)2 + 4 − 8ν .

(3)

The radial displacement response in frequency domain r (ω) is obtained by first making the Fourier
transformation of the total triangular impulse load P(ω) (Fig. 1b) and then dividing it with the dynamicstiffness coefficient S∞ (ω) (Eq. 1). Finally the displacement response is transformed in the time domain
(r (t)) using the inverse Fourier transformation.
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Model and Results

Material, geometry and loading properties of the model are summarized in the Table 1. The plane-strain
model of the full-pane is assumed to be elastic, homogeneous (α = 0) and isotropic.
Table 1: Model Properties
Material

Geometry

Loading

Integration parameters

cs , ρ, ν = 0.3

r0

P(t) = 2πr0 p(t)

Δt = 0.04 · r0 / cp

P0 = 2πr0 p0

M, N, θ = 1.4

G0 = ρc2s

Load and the finite element model of the structure are depicted in Fig. 2. The structure is comprised
solely of the 2-node line scaled boundary finite elements and the load is applied directly to the nodes of
the boundary.

4

Benchmark No. 50 | SOFiSTiK 2020

A Circular Cavity Embedded in a Full-Plane Under Impulse Pressure

Figure 2: Finite Element Model

The transient radial displacement response of the cavity wall r (t) has been computed using the Scaled
Boundary Finite Element Method (SBFEM) in the time domain. The integration of the governing equations of the SBFEM is performed using the original discretization scheme (const) [1][2] and the extrapolation scheme from [3] based on the parameters M, N and θ 1 .
The results in dimensionless form are plotted in Fig. 3 together with the analytical solution. The numerical results show excellent agreement with the analytical solution for all three cases.
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Figure 3: Radial displacement response
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Conclusion

The example verifies the accuracy of the SBFEM method in modeling unbounded domain problems.
The integration scheme for the solution of the governing equations of the SBFEM in time domain based
on the work from [3] provides the solution with high computational efficiency and little loss of accuracy
compared to the original method from [2].
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